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RESIDUE CURRENTS AND FUNDAMENTAL CYCLES 


RICHARD LARKANG & ELIZABETH WULCAN 

Abstract. We give a factorization of the fundamental cycle of an an¬ 
alytic space in terms of certain differential forms and residue currents 
associated with a locally free resolution of its structure sheaf. Our result 
can be seen as a generalization of the classical Poincare-Lelong formula. 
It is also a current version of a result by Lejeune-Jalabert, who similarly 
expressed the fundamental class of a Cohen-Macaulay analytic space in 
terms of differential forms and cohomological residues. 


1. Introduction 

Given a holomorphic function / on a complex manifold X, recall that the 
classical Poincare-Lelong formula asserts that (991og|/p = 27ri[Z], where 
[Z] is the current of integration (or Lelong current) of the divisor Z oi f, 
counted with multiplicities, or, more precisely, (the current of integration of) 
the fundamental cycle of Z. Formally we can rewrite the Poincare-Lelong 
formula as 

( 1 . 1 ) 

This factorization of [Z] can be made rigorous if we construe (9(1//) as 
the residue current of 1//, introduced by Dolbeault, m, and Herrera and 
Lieberman, m, and defined, e.g., as 

(1-2) lim(9x(|/|Ve)7, 

where x(t) is (a smooth approximand of) the characteristic function of the 
interval [l,oo). The current d{l/f) satisfies that a holomorphic function g 
on X is in the ideal (sheaf) J{f) generated by / if and only if gd{l/f) = 
0. This is referred to as the duality principle and it is central to many 
applications of residue currents; in a way d{l/f) can be thought of as a 
current representation of the ideal J{f)- In this paper we prove that (the 
current of integration along) the fundamental cycle of any analytic space 
admits a natural factorization as a smooth “Jacobian” factor times a residue 
current, analogous to (HID. More precisely, we consider global analytic 
subspaces Z C A, such that Oz has a global locally free resolution over 
Ox- For example, this is the case for any Z if A is projective. If A is Stein, 
then any Z has a semi-global resolution, i.e., it has a free resolution on every 
compact in A. 
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Let Z C X be a (not necessarily reduced) analytic space. The fundamen¬ 
tal cycle of Z, seen as a current on X, is the current 

(1.3) [Z]=J2mi[Z^], 

where Zi are the irreducible components of Zred, [Zi] are the currents of 
integration of the (reduced) subspaces Zi, and mi are the geometric multi¬ 
plicities of Zi in Z. 

For generic z ^ Zi, Oz,z is a free Ozi, 2 -module of constant rank. One 
way of defining the geometric multiplicity mi of Zi in Z is as this rank. 
Equivalently can be dehned as the length of the Artinian ring Ozi,z, see, 
e.g., [F[ Chapter 1.5]. The equivalence of the two dehnitions can be proved 
with the help of [0 Lemma 1.7.2]. If Zj-e^ = {z} is a point, and Z is defined 
by an ideal sheaf J, i.e., Oz = OxjJi then the geometric multiplicity of 
(Zred in) Z is dmai^Ox,zlJz- If dimZj = p > 0, then for generic z ^ Zi 
and H C X a smooth manifold transversal to {Zi, z), mi = dime Ox,zl{J + 
Jh)z^ where Ju is the ideal of holomorphic functions vanishing on K. 
Assume that 

(1.4) ^Eo, 

is a locally free resolution of Oz over Ox-, i-e., an exact complex of locally free 
Ox-modules such that coker pi = Oz- If the corresponding vector bundles 
are equipped with Hermitian metrics we say that {E, ip) is a Hermitian locally 
free resolution of Oz over Ox- Given such an {E,(p), in |AWlj Andersson 
and the second author constructed an EndE-valued, where E = 
residue current = '^R^, where R^ takes values in Hom(£'o,Efc). This 
current satisfies a duality principle and it has found many applications; e.g., 
it has been used to obtain new results on the 9-equation on singular varieties, 
[ASj . and a global effective Briangon-Skoda-Huneke theorem, [AW3] . 

In general, the construction of R^ involves minimal inverses of the map¬ 
pings ifk- If / is a holomorphic function in X and Eq = Ox and Ei = Ox 
are trivial line bundles, then 

Q^Ox^Ox, 

where <pi = [/], gives a locally free resolution of Oz ■= OjJ'{f)- In this 
case (the coefficient of) R^ = Rf is just 9(1//), and the Poincare-Lelong 
formula p.ll) can be written a^ 

(1.5) ^ 

Our main result is the following generalization of ()1.5p . 

Theorem 1.1. Let Z C X be an analytic space of pure codimension p, 
let {E,ip) he a Hermitian locally free resolution of Oz over Ox, where 
rankEo = 1, and let D he the connectioT^ on EndE induced by connections 
on Eq, . .., Ep. Then 

(1.6) = [Z]. 


^The relation between the signs in ini) and (ESI) is explained in Section [Tel 
^The connection D is defined by (ESJ- 
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Various special cases of Theorem II.11 and related results have been proved 
earlier: Assume that Z is a complete intersection of codimension p, i.e., 
Oz = OxlJ-, where ^ is a complete intersection ideal, generated by, say, 
/ = (fi,..., fp). Then one can give a natural meaning to the product 
5(l//p) A • • • A5(1 //i), as was fist done by Coleff and Herrera in [CHj . They 
also proved that this so-called Coleff-Herrera product satisfies the following 
generalization of the Poincare-Lelong formula (|l.ll) : 

(1-7) A • • • A A d/i A • • • A d/p = [Z], 

(ZTTljP Jp Ji 

Let {E,(p) be the Koszul complex of /; more precisely, let -F be a trivial 
bundle of rank p with global frame ei,..., Cp, let = A^F, with frames 
e/ = A • • • A Cij., and let pk = df he contraction with ^ fj^j- Then the 
corresponding sheaf complex is a free resolution of Oz and 

(1.8) = d^ A--- Ad^ A e{i,...,p} A eg, 

Jp Jl 

where eg is frame of A^E, as was proven in [PTYl Theorem 4.10 and m 
Theorem 1.7]. 

If we assume that D is trivial with respect to the frames e/, then 
Dipi ■ ■ ■ D(pp = pldfi A • • • A d/peg A 

see Example 12.21 Thus the left-hand side of (|1.6|) equals the left-hand side 
of ()1.7p . and so we get bacl0 (|1.7p . 

In m Demailly-Passare extended (ILZD to the case when Z is a locally 
complete intersection, cf. Eemark 14.31 and this result was further extended 
by Andersson in [A2| . Assume that / = (/i,..., /m) is a tuple of holomor- 
phic functions or more generally that / is a section of a Hermitian vector 
bundle F of rank m, and let Z be the corresponding analytic space, defined 
by Oz = Ox/J^if), where 77(/) = 77(/i,..., fm) is the ideal sheaf defined 
by /. Furthermore let {E, (p) be the Koszul complex of /, which is pointwise 
exact (as a vector bundle complex) outside Zj-ed; then the corresponding 
sheaf complex is exact if and only if m = p, where p = codim Z. However, 
the construction of residue currents in [All AWl] in fact only requires 
dUD to be generically pointwise exact. The main theorem in |A2| . which is 
a variant of King’s formula, states that if D is the connection induced by 
the Chern connection on F, then 

(1-9) {2m)Pp\^‘^^''' ^ ai[Zi], 

where Zj are the (irreducible) components of Zj-ed and a* are the correspond¬ 
ing algebraic (or Hilbert-Samuel) multiplicities, see, e.g., [0 Chapter 4.3]. 
If Z is a locally complete intersection, the algebraic multiplicities coincide 
with the geometric multiplicities of Z, see, e.g., [0 Example 4.3.5], and thus 
(I1.9P coincides with (|1.6I) . 

^ In fact, in |PTY| it was proved that d{l/fp) A A 8(1/fi) equals the so-called 
Bochner-Martinelli residue current of /, which by |A3| is the coefficient of (i.e., the 
current in front of A ej). 

'^Again we refer to Section [2.61 for the signs. 
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In |A4[ Example 1] Andersson showed that if Z and (E, Lp) are as in 
Theorem [LT] and moreover Z is reduced, then there exists some holomorphic 
Horn (Ep, £'o)-valued form ^ such that = \Z\\ in fact, the arguments go 
through also when Z is not reduced. Our Theorem 11.11 thus states that 
{1/{2T:iYp\)D(pi ■ ■ ■ Difp is an explicit such 

In previous works, [LW] and [Wj . we proved Theorem 1 1.1 1 for certain res¬ 
olutions of monomial ideals by explicitly computing the residue currents 
and the Jacobian factors Dpi ■ ■ ■ Dpp, respectively, see [LWl equation (7.4)] 
(dimension 2) and |wl Corollary 1.2]. 


Another result that is closely related to ours, although not formulated 
in terms of residue currents, is a cohomological version of Theorem \1.1\ in 
the Cohen-Macaulay case due to Lejeune-Jalabert, mi- Given a free res¬ 
olution (E, p) of Oz,z of minimal length, where Z is a Cohen-Macaulay 
analytic space, she constructed a generalization of the Grothendieck residue 
pairing, which in a sense is a cohomological version of the current in [AWlj , 
and proved that the fundamental class of Z at z then is represented by 
Dpi ■ ■ ■ Dpp. In Section E] we describe this in more details and also dis¬ 
cuss the relation to our results. The relationship between Lejeune-Jalabert’s 
residue pairing and the residue currents in |AWlj will be elaborated in |La3j . 
see also |Lul[lLu2] . 


To be precise, the current in the left-hand side of (II.6|) takes values in 
End(£'o). However, since Eq has rank 1, it is naturally identified with a 
scalar-valued current. In fact, it is possible to drop the assumption that 
rankEo = 1, but to make sense to (|1.6p we then need to turn the End(£'o)- 
valued current 


0 : = 


1 

{2TTi)Pp\ 


Dpi ■ ■ ■ DppRp 


into a scalar-valued current. We will describe two natural ways of doing this. 
The first one is to take the trace tr0 of 0. Secondly, let r be the natural 
surjection t : Eq ^ coker = Oz- Since RpPi = 0, see dZT]) below, one 
gets a well-defined Horn (O^, Ep)-valued current RpT~^ by (locally) letting 
RpT~^f -.= Rp fo for any section /o of Eq such that r/o = /. It follows that 
r0r“^ is a well-defined End( 02 )-valued current, which can be identified 
with a scalar-valued current (annihilated by J, where J C Ox is the ideal 
defining Z). Note that if rankEg = 1, then tr0 and tQt~^ coincide with 
0 (regarded as scalar currents). 


Theorem 1.2. Let Z C X he an analytic space of pure codimension p, let 
{E,p) be a Hermitian locally free resolution of Oz over Ox, and let D be 
the connection on EndE induced by connections on Eq, Ep. Then 

(1.10) {Dpi-■■ DppR^) = [Z] 
and 

(1.11) j^^^^TDpi---DppR^T-^ = [Z], 

where r is the natural surjection r : Eg — >■ coker (/?i = Oz- 
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In view of the discussion above, note that Theorem o is just a special 
case of Theorem O 

The proof of Theorem 11.21 is given in Section 01 The first key ingredient 
are two lemmas, Lemmas [Q and Mi which assert that the left-hand sides 
of (|1.10p and (|l.lip . respectively, only depend on Z and not on the choice 
of {E,(p) or D. In particular, it follows that the left-hand side of (ll.lOp 
coincides with the left-hand side of (jl.lip . cf. ()4.15p . Thus, to prove The¬ 
orem [Q it is enough to prove (jl.lOl) for a specific choice of resolution and 
connection. The proofs of Lemmas 14. II and 14.21 relv on a comparison formula 
for residue currents due to the first author, [Lai], see Section Mi 

By the dimension principle, Proposition 12.11 for so-called pseudomero- 
morphic currents, see Section 12.11 it suffices to prove (jl.lOp generically on 
Zj-ed (i.e., outside a hypersurface of ^red)- For 2 generically on Z^ed we 
can use a certain universal free resolution of Oz,z, based on a construction 
by Scheja and Storch, [SSj . and Eisenbud, Riemenschneider and Schreyer, 
[EESj ; this is described in Section [3l The inspiration to use this universal 
free resolution comes from mi- The resolution is in general far from being 
minimal, in particular, rankEo > 1 in general, but it is explicit enough so 
that we can explicitly compute (ll.lOh . see Lemma 14.51 

In Theorems o and 11.21 we assume that Z has pure codimension, or, 
equivalently, pure dimension. In fact, for the proofs we only need that Z 
has pure dimension in the weak sense that all irreducible components of Zred 
have the same dimension, in other words, all minimal primes of have the 
same dimension. In particular, we allow J to have embedded primes. 

Example 1.3. Let Z C be defined hy J = J{y^,x^y'^) C Oq 2 , where 
m < k. Then Z has pure dimension, since Zred equals {y = 0}, which 
is irreducible. However, note that J' has an embedded prime J{x,y) of 
dimension 0. 

Example 1.4. Let Z C be defined by ^7 = J{xz,yz) C Then Z 

does not have pure dimension, since its irreducible components {z = 0} and 
{x = y = 0} have dimension 2 and 1, respectively. 

We get a version of Theorem 11.11 also when Z does not have pure dimen¬ 
sion, without much extra work. However, the formulation becomes slightly 
more involved. Since the residue currents are pseudomeromorphic, see 
Section 12.11 it follows that one can give a natural meaning to the restrictions 
IvyRf' if IF is a subvariety of X. 

Theorem 1.5. Let Z C X be an analytic space. Assume that dimX = N 
and codim Z = p. Let {E, ip) he a Hermitian locally free resolution of Oz 
over Ox, where rank Eg = 1, and let D be the connection on EndE induced 
by connections on Eq, ..., Ep. Let Wk be the union of the components of 
Ered of codimension k, and define := IwkE^■ Then, 

^ 1 
k=p '' ^ 


( 1 . 12 ) 
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Remark 1.6. As in Theorem ll.2l we could drop the assumption that rankA^o = 

1. Using the notation from above, we get 

(1.13) 

jv 1 ^1 

^ {2-Ki)kk\ ^ 

fc=p ' ^ /l=P ' ^ 

see Remark 14.71 

It is natural to also consider the “full” currents Dtpi ■ ■ ■ Dip^Rk and it 
would be interesting to investigate whether they may capture geometric or 
algebraic information (in addition to the fundamental cycle). In Section [5] 
we compute the current DifiDip 2 R 2 for a Hermitian resolution of Z from 
Example 11.31 We also illustrate Theorem 11.51 by explicitly computing the 
currents in (jl.l2p in the situation of Example 11.41 

Acknowledgement: We would like to thank Mats Andersson and Hakan 
Samuelsson Kalm for valuable discussions on the topic of this paper. 

2. Preliminaries 

Throughout this paper X will be a complex manifold of dimension A, and 
x{t) will be (a smooth approximand of) the characteristic function of the 
interval [l,oo). Let / be a holomorphic function on X or, more generally, 
a holomorphic section of a line bundle over X. Then there is an associated 
principal value current 1//, PEEl, defined, e.g., as the limit 

The associated residue current is defined as d{l/f), cf. (11.2p . 

2.1. Pseudomeromorphic currents. Following [AW2] we say that a cur¬ 
rent of the form 

^ai ■ ■ ■ ak 9 ak+i A • • • A 5 A 
^1 ^k+1 

where zi,... ,zj\f is a local coordinate system and is a smooth form with 
compact support, is an elementary current. Moreover a current on a A is 
said to be pseudomeromorphic if it can be written as a locally finite sum of 
push-forwards of elementary currents under compositions of modifications, 
open inclusions, or projections!! Note that if T is pseudomeromorphic, then 
so is dT. 

The sheaf of pseudomeromorphic currents, denoted PA4, was introduced 
to obtain a coherent approach to questions concerning principal and residue 
currents; in fact, all principal value and residue currents in this paper are 
pseudomeromorphic. It follows from, e.g., [A2j that currents of integration 
along analytic subvarieties W d X are pseudomeromorphic. 

In many ways pseudomeromorphic currents behave like normal currents, 
i.e., currents T such that T and dT are of order 0. In particular, they satisfy 
the following dimension principle, [AW21 Corollary 2.4]. 

^In |AW2| only modifications were allowed. This more general class of pseudomero¬ 
morphic currents appeared in |AS |. 
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Proposition 2.1. If T £ VM{X) is a {p,q)-current with support on a 
subvariety W C X, and codim VP > q, then T = 0. 

Moreover, pseudomeromorphic currents admit natural restrictions to an¬ 
alytic subvarieties, see |AW21 Section 3] and also [AW41 Lemma 3.1]. If 
T £ VA4{X), VP C A is a subvariety of X, and h is a tuple of holomorphic 
functions such that W = {h = 0}, the restriction IwT can be defined, e.g., 
as 

lwT:= lim(l-x(|/i|Ve))T. 

£->■ 0 + 

This definition is independent of the choice of x and the tuple h, and ly/T 
is a pseudomeromorphic current with support on VP. If = 0 for all 

subvarieties VP C A of positive codimension, then T is said to have the 
standard extension property, SEP. 

2.2. Almost semi-meromorphic currents. Following |AS| we say that a 
(pseudomeromorphic) current A is almost semi-meromorphic, A £ ASM{X), 
if there is a modification vr : A' —)■ A such that A = 7r*(a;//), where / is a 
holomorphic section of a line bundle L ^ X' that does not vanish identically 
on X' and a; is a smooth form with values in L. This section is based on 
[AW41 Section 4]. 

Since semi-meromorphic currents (i.e., currents of the form oj/f) have 
the SEP, it follows that almost semi-meromorphic currents have the SEP as 
well. In particular, if a smooth form a, a priori defined outside a subvariety 
VP C A, has an extension as a current A £ ASM(X), then A is unique. 
Moreover, A = lime_j.o xd^l/e)®! where h is any (tuple of) holomorphic 
function(s) that vanishes on VP. We will sometimes be sloppy and use the 
same notation for the smooth form a and its extension. 

It follows from the definition that A £ ASM(X) is smooth outside a 
proper subvariety of A. Eollowing [AW4j we let the Zariski singular support 
of a be the smallest Zariski-closed set VP such that A is smooth outside 
VP. If A, B £ ASM{X), there is a unique current A AB £ ASM{X) that 
coincides with the smooth form AaB outside the Zariski singular supports 
of A and B. 

Assume that A £ ASM{X) has Zariski singular support VP. Then 

dA = B + R{A), 

where B = \x\w9A is the almost semi-meromorphic continuation of the 
form BA and R{A) = IwBA is the residue of A, see |AW4l Section 4.1]. 
Note that 5(1//) = R[\/f). If A is the principal value current A = 
lime_>.o x(l^l/e)cK) then R{A) = lime^-o 5x(|/i|/e) A a. For further reference 
also note that if oj is smooth, then 

(2.1) R{oj A A) = (-l)'^"s<^a; A R{A). 


2.3. Superstructure. Let 


0 -A El, 


Eu-i 




A 


<P2 


El 




En 


be a complex of locally free Ox-modules. Then E := ^ E^ has a natural 
superstructure, i.e., a Z 2 -grading, which splits E into odd and even elements 
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and E~, where E~^ = 0 E 2 k and E~ = 0 £' 2 fc+i- Also Endi? gets a su¬ 
perstructure by letting the even elements be the endomorphisms preserving 
the degree, and the odd elements the endomorphisms switching degrees. 

We let £ and £* denote the sheaves of smooth functions and forms, respec¬ 
tively, on X and we let £*{E) = £*®s£{E) and f*(EndE) = £*^gSiEndE) 
be the sheaves of form-valued sections of E and EndE, respectively. Given 
a section j = to <Si rj, where a; is a smooth form and r/ is a smooth section 
of E or EndE, we let deg/y := deg a; and dege 7 := degr/. Then £*{E) and 
£^*(EndE) inherit superstructures by letting deg 7 := deg /y -|- degey. Both 
£*{E) and £^*(EndE) are naturally left T’-modules. We make them into 
right £^*-modules by letting 

(2.2) yen = (-l)(deg7)(dega;)^^^ 

where cn is a smooth form, and y is a section of £*{E) or £’*(EndE). More¬ 
over, if /3 = a 0 ^ and y = u; ( 8 ) ?/, y^ = w' ( 8 ) r/' are sections of £*{E) and 
£’*(EndE), respectively, we let 

7(/3) = Aa®r/(e), 

(2.3) yy' = n')uj ^ J ® r]r]'. 

Note that if y = a (8) Id then y/3 = a(3^ yy' = ay', and y'y = y'a, cf. ()2.2I) . 
Thus we can regard a form a as a (form-valued) endomorphism. Moreover, 
we have the following associativity: (yy')/3 = y(y^/3) and (yy')y" = y(y^y ^0 
if y" is a section of £^*(EndE). Analogously the sheaves C*(E) = C* ®££{E) 
and C*(EndE) = C* ( 8 >f f’(EndE) of current-valued sections of E and EndE, 
respectively, inherit superstructures. Note that (El]) holds also for E- and 
EndE-valued smooth forms oj and almost semi-meromorphic currents A if 
now degw denotes the total degree. 

If Eo,...,Ej^ (considered as vector bundles) are equipped with connec¬ 
tions Deq, ■ ■ ■, De^, and Eg is the connection 0 E^. on E, we equip EndE 
with the induced connection defined by 

(2-4) DE{l{i)) = EEnd(7)? + (-1)'^®®^7 (A'eO> 

where ^ is a section of £*{E) and y is a section of T*(EndE). It is then 
straightforward to verify that for arbitrary sections y,y' of T*(EndE), 

(2.5) EEnd(77') = A>End77' + (-l)'^'^®^yEEnd7'- 

Moreover, note that if y = a (8) Id, then EEnd 7 = da, so, again, we can 
regard a form a as (form-valued) endomorphism. 

Throughout this paper we will use the sign conventions associated with 
this superstructure, cf. Section 12.61 


Example 2.2. We consider the situation when {E,(p) is the Koszul complex 
(E, (p) = (/\ ,5f) associated to a tuple (/i,..., fp) of holomorphic func¬ 

tions, and ei,... ,ep is the standard basis of so that 5/ is contraction 
with f = fiel + ■ ■ ■ + fpSp, see Section 13.21 If we assume that E is trivial 

with respect to the induced bases z°‘^ ej of {K, (p), then D5f is contraction 
with dfi/\e\-\- - ■ ■ + dfp A e*. As dfi A e* is even, we thus get that Dpi ■ ■ ■ Dpp 
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is contraction with 

((i/iAe*H- \-dfpAe*p)P = p\ d/iAe*A- • -Ad/pAe* = p\ dfiA-■ -/^dfpAe*^;^^ 

i.e., 

(2.6) D(j)i ■ ■ ■ D4>p = p! d/i A • • • A d/p A 60 A e*y^^,„^py- 

2.4. Residue currents associated with Hermitian locally free reso¬ 
lutions. Let Q he a coherent sheaf on X of codimp > 0 with a Hermitian 
locally free resolution (E,(p), i.e., a locally free resolution where the corre¬ 
sponding vector bundles are equipped with Hermitian metrics, cf. the in¬ 
troduction. Let W denote the support of In |AWlj Andersson and the 
second author defined a (Horn (LIq, Ll)-valued) current associated with 
{E, p), that satisfies that if a is a section of Eq, then R^a = 0 if and only 
if a belongs to im(^i, [AW 11 Theorem 1.1]; this can be seen as a duality 
principle. In particular, 

(2.7) R^ifi = 0. 

We will write R^ = ^ R^ , where R^ is the part of R^ which takes values 
in Horn {Eo,Ek). 

For further reference let us briefly describe this construction, for details 
we refer to [AW1| . Given a locally free resolution {E,ip), there are associated 
sets 

C---CZf = W, 

which we will refer to as BEF-varieties. The set is defined as the set 
where (pk does not have optimal rank. By uniqueness of minimal free resolu¬ 
tions, these sets are in fact independent of the choice of {E,ip), and indeed 
only depend on G- 

Outside of Z^, let : E^-i -A Ek be the minimal right inverse of ipk- 
Then is smooth outside Z^ and it turns out that it has an extension as 
an almost semi-meromorphic current, and, using the notation from |AW4] . 

Clearly Rf has support on W and thus Rf = 0 if /c < p by the dimension 
principle, Proposition 12.11 

It follows from the construction that R^ is V-closed, where V = p — B, 
i.e., PkRk — BRk_i = 0 for all k, [AWll Proposition 2.1]. In particular, 

( 2 . 8 ) ifpR^ = 0 . 

2.5. A comparison formula for residue currents. Let a : El ^ G he 

a homomorphism of finitely generated Ox,(-niodules, and let {F, ip) and 
[E, (p) be free resolutions of H and G respectively. We say that a morphism 
of complexes a : {F, ip) -A {E, ip) extends a if the map coker ipi = H ^ G = 
coker ipi induced by oq equals a. 

Proposition 2.3. Let a : H ^ G be a homomorphism of finitely generated 
Ox,^-modules, and let {E,ip) and {E,ip) be free resolutions of H and G 
respectively. Then, there exists a morphism a : {E, ip) -A {E, ip) of complexes 
which extends a. 
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If a : (F, ?/;) —)• [E, ip) is any other such morphism, then there exists a 
morphism so '■ Fq ^ Ei such that oq — ao = 9^1 sq. 

The existence of a follows from defining it inductively by a relatively 
straightforward diagram chase, see m Proposition A3.13], and the existence 
of So follows by a similar argument. 

In [La2] . the residue currents associated with {E, (p) and {F, ip) are related 
by the following comparison formula, see Theorem 3.2], which is a 

generalization of the transformation law for Coleff-Herrera products, mu, 
see [La21 Remark 3]. 

Theorem 2.4. Assume that H and G are two finitely generated Ox,c_- 
modules with Hermitian free resolutions {F,ip) and {E,<p), respectively. If 
a : {F, Ip) {E, ip) is a morphism of complexes, then 

(2.9) R^ao — aR^ = VM 
where M is the }iom {Fq, E)-valued current 

M = R{ (rfdaf_i ■ ■ ■ Ba^^^akcr^da^_^ ■ ■ ■ daf). 

l<k<e<iy 

Note that M has support on P = (supp//)U(suppG). Let Mk denote the 
Horn (To, Sfc)-valued component of M. Then Mk has bidegree (0, k — 1), and 
thus vanishes for k < codim V by the dimension principle. Proposition 12.11 
In particular, if II and G have codimension p, then (12.911 implies that (by 
taking the Horn (Tq) .E'p)-valued part) 

(2.10) Rptto = ttpRp + ipp+iMp+i. 

If, in addition, G is Cohen-Macaulay, i.e., it has a free resolution of length 
p, and (E, ip) is such a resolution, then 

( 2 . 11 ) RpUo = OpRp. 

Lemma 2.5. We use the notation from Theorem IS.fj Assume that H and 
G have codimension p and moreover that G is Cohen-Macaulay. Then 

Mpj^i = —cjpj^-^apRp , 

where cxp+i is smooth. 

Proof. Note that 

Mp+i = R{apj^iapap dap_i ■ ■ ■ Baf + ap^^Bapo) 

where a is a sum of compositions of morphisms fi*, Bal and a,. Since G is 
Cohen-Macaulay, Zp_j_i is empty and thus is smooth. Recall that crp_^_i 
is of odd degree and Op of even degree. Hence 

^(fTp+iapO-p 5fTp_i • • • Serf) = ap^j^apR{ap Bap_^ ■ ■ ■ Serf) = -crf+iapRf, 

cf. (|2.ip . By construction the morphisms erf satisfy fTf^^uf = 0 and thus 
crf+iSerf = Serf^^erf. It follows that 

R(crfl_iSerf a) = Serf,.]^ A R^apo) 

Now R{(Tpa) is a pseudomeromorphic (0,p — l)-current with support on 
(suppTr)U(suppG), so it is zero by the dimension principle, ProDosition l2.ll 

□ 
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2.6. Matrix notation. For a section 7 of £’*(EndFi) (or C*(Endi?)), let 
{ 7 } denote the matrix representing 7 in a local frame of E. 

Erom (12.31) it follows that if /3 and 7 are sections of £i*(EndE), then 

( 2 . 12 ) {p-f} = 

If we consider the main formula (fTel) as a product of matrices in a local 
frame, then by repeatedly using (I2.12p . the formula becomes 

= (dw I- 

In |W] . we explicitly computed the current Dipi ■ ■ ■ DcppR^, when {E,(p) 
is a certain free resolution of a 2-dimensional Artinian monomial ideal, by 
multiplying matrices, and this is the reason for why the constant Cp = 

appeared in m\ (7.4)]. 

When (E, (p) is the Koszul complex of a tuple (/i,..., fp) of holomorphic 
functions defining a complete intersection ideal J (/) of codimension p, then 

... 0^,77 = = 

where Oz = OxjJif) and where we have used ( 12 . 6 D and (11.81) in the second 
equality and the Poincare-Lelong formula, in the last equality. 

Assume that /3 and 7 are Hom(Efc,E£)- and Horn (E^, Efc)-valued forms, 
respectively. Using that for (z x j)- and [j x z)-matrices B and C, tj:{BC) = 
tv{CB), together with (12.121) . one gets that 

tr{;S7} = (_l)(dege/3)(deg^7)tr ({;S}{7}) = 

= (_l^(dege/3)(degj.7)+(degj.^)(deg J. 7 ) _ 

= (^_l^(dege/3)(degj.7)+(degy.^)(deg j.7)+(dege7)(deg//3) 

Hence, 

(2.13) tr {Pj) = (_l)(deg/ 3 )(deg 77 )+(dege 7 )(deg 7 / 3 ) 

Note that both (|2.12l) and (12.131) hold also when either /3 or 7 is a section 
of C*(EndE). 


3. Universal free resolutions 

A key ingredient in the proof of Theorem 11.21 is a specific universal free 
resolution of Oz^ for where Z is Cohen-Macaulay. It is in general far from 
minimal, but on the other hand the construction is explicit. The universal 
free resolution, which is a Koszul complex over a certain ring A that we 
describe below, is a special case of a universal free resolution of Cohen- 
Macaulay ideals due to Scheja and Storch, [SSI p. 87-88], and Eisenbud, 
Riemenschneider and Schreyer, [ERSl Theorem 1.1 and Example 1.1], who 
however do this in an algebraic setting. 
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Although |SS] and |ERSj consider an algebraic setting, the construction 
of the associated complex of free modules works also in the analytic setting. 
This relies on the fact that if Oz,c_ is Cohen-Macaulay, then it is a free 0\y^c,~ 
module, where vr : Z —)• IT is a Noether normalization and where we for 
simplicity denote 7 r(C) by C- The proof that the associated complex of free 
modules is a resolution of Oz,q will however not work exactly in the same 
way, bnt, using analytic tensor product (cf.. Section 2 in [ABMj l. it should 
be possible to modify the proof to work also in the analytic setting. 

In order to prove Theorem ll.21 it will be enough to have a free resolution 
generically on Z. Generically on Z, a Noether normalization vr ; Z —>■ IT is 
given by the projection to IT := Zred, and one can there describe Oz,c, as a 
free OvE,c-Hiodnle in an explicit way, see Lemma I.S. 11 In Lemma 14.51 which 
we use to prove Theorem 11.21 we will use this description of Oz,c, as a free 
Ow,f-module. In this case, we can give a direct proof that the construction 
of |ERS| and [SSj gives indeed a free resolntion of Oz\ this is Theorem m 

3.1. The ring A. Eor a tnple a = (ai,... ,a!p) € N>g, we nse the multi¬ 
index notation := 2 ;“^ • • • and, in addition, we let |a| := ai • • -|-ap. 

Lemma 3.1. LetX be a complex manifold of dimension N, and assume that 
J C Ox is the defining ideal of an analytic subspace Z of X, of codimension 
p, and let n = N—p. Let W = Zj-ed and assume that € ITreg- Assume that 
we near ^ have coordinates {z,w) G x C” on X, such that {z,w){f,) = 0 
and that in these coordinates, IT = {zi = ■ ■ ■ = Zp = 0}. Let m denote the 
geometric multiplicity of W in Z near 

Then there exists a neighbourhood U C W of f,, a hypersurface Y C U, 
and tuples a ^,G N>q such that for ( € U \ Y, Oz.c a free Ow,^- 
module with a basis ..., z""*. Moreover, the tuples a* satisfy |a^| > 
\oi^\ > • • • > \d^\ and if we express any monomial z'^ in terms of the 2 ;“*, 
z'^ = Yli fi{w)z°‘^ +J, then for all i such that fi ^ 0 , we have that |a®| > | 7 |. 

Note that if one considers a tuple [3 G N>q, then, by the last statement 
of the lemma, we have for each j, 

(3.1) z^z°‘' = 

i<j 

and if /3 7 ^ 0 , then the sum can be taken just over i < j. 

Proof. By the Nullstellensatz in Ox,^, we can choose /?* such that 2 ;f* G J for 
i = 1,... ,p. In particular, the finite set of monomials 2 ;“ such that a* < /3j 
must generate Oz,^ as an O^E.^-module. By coherence, these monomials also 
generate Oz^ as an (!lvi/,C'™odnle for (" in some neighbonrhood ?7 of ^ G IT. 

We let a* be an enumeration of the tuples a with < fdk for k = 
l,...,p, ordered so that |a*| > \a^\ if i < j. We now choose a^,...,a^ 
indnctively among the a* so that 2 ;“ ,... ,z°‘ are independent over in 
the following way: Eirst, we let = 0 *^, where ii is the first index i such 
that fi{w)z°‘^ = 0 in Oz,^ implies that /i = 0. Then, if we have already 
chosen ..., a^, = a*^', we define indnctively = 0 *'=+^ as the next 

a* snch that if fi{w)z°‘^ fk{w)z^^ -|- fk+i{w)z°‘^ = 0 , then fk+i = 0 . 

Clearly, |q;^| > • • • > \a^\. 
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7 • k 

Note that if is not among the a*, then there exists a relation = 

in where fk ^ 0. By possibly shrinking U, we can 

assume that all the fkS are defined on U. Let Y := ~ 

k 

Then, outside the hypersurface T, any 2 ;“ can be expressed uniquely in 
terms of z"'’ with ij < k. Thus, for ^ € ?7 \ T, Oz,( is a free 

1 M k 

with basis z°‘ ,,z°‘ . Therefore M = m. In addition, since each 2 :“ not 
among the z°‘‘ can be written in terms of z°‘\ with ij < k, by the ordering 
of the a*, those a* will satisfy that |a*| > |a^|. □ 


Definition 3.2. We consider the situation in Lemma l3.11 Given Q € U\Y, 
we define the Clvu,c-™odule 

A = := Oxx ®Ovi/,c ^zx- 

Note that by Lemma [3Tl Ozx is a free Oiy^^-module of rank m, so A is 
a free Ox,f-module of rank m, i.e., A = 0®™. We will denote an element 
f 0 g & A hy f [g]. We will also sometimes use the short-hand notation 
/ := /[I] and [g] := 1 [ 5 ]. Note that since Ox,c, and Oz,c, are Clvi/,C"^ig 6 bras, 
so is A, and the multiplication is defined by (/i [gi])if 2 [ 92 ]) = / 1/2 bi 52 ]- 


Remark 3.3. Using the notation from above, for C a U \ Y, we have a basis 
2 ;"^,..., z^^"' of Oz,(^ as a free O^u.c-aiodule. This gives a basis 2 ;“^ j • • • j 

of A as a free Ox,C"™odule. If z'^ is a monomial, then we can consider (mul¬ 
tiplication with) [z^] as an element in Endo^^( 74 ), and the matrix of [ 2 ;'’'] 

with respect to the basis 2 ;"^ j • • • j from Lemma l3.II is upper trian¬ 

gular by m, and it has zeros along the diagonal unless 7 = 0 , in which 
case [z'^] is the identity matrix. 


3.2. Universal free resolutions. Let i? be a commutative ring, and let 
xi,...,Xp be elements of R. To fix notation, we remind that the Koszul 
complex of X = (xi,... ,Xp) is the complex (/\* da,), where the differ¬ 

ential 5x is defined by inner multiplication with x, i.e., if we choose as a 
standard basis ei,..., Cp of R®^, then 

k 

4 : e/ ^(-l)*“^X 7 e/\/,, 
i=l 


where / = (Ii,..., 7^), and we use the short-hand notation e/ = e/j A- • -Ae/^. 
In particular, we use the notation 60 for the basis of R®^ = R. If the 
sequence x is a regular sequence, then it is well-known that (/\* R®p, Sx) 
is a free resolution of R/{xi,... ,Xp), see for example [El Corollary 17.5]. 
When R = Ox,(, then / = (/i,..., fp) is a regular sequence if and only if 
codim {/i = ■■■ = fp = 0} = p. Hence, for complete intersection ideals, 
we have an explicitly defined free resolution. The universal free resolution 
gives an explicit free resolution for more general ideals in Ox.Cj but then 
one considers a Koszul complex over the ring A instead of over Ox,(- 

Theorem 3.4. Assume that we are in the situation of Lemma \3.1l and that 
we fix some ( £ U\Y. Let A be as in Definition \3.A and let Zj := Zi — [zi] G 
A for i = l,...,p. Then, the Koszul complex := (/\*H®^’,5z) of 

z := (zi, ..., Zp) is a free resolution of Oz,( over A and Ox,c_- 
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We use for tuples J,rj £ N>q the partial ordering that 7 < r/ if and only if 
7 i < i/i for z = 1,... ,p. We also use the short-hand notation 1 = (1,... , 1) € 


^^> 0 - 


Proof. By construction, K consists of free ^-modules, and since, as ex¬ 
plained above, ^ is a free Ox,C"™odule, K is also a complex of free Ox,(- 
modules. Exactness is independent of whether we consider the complex as 
or ^-modules, so it is sufficient to prove that {K, (f) is a free 
resolution as Ox.C’^odules. 

We first prove that coker(/)i = Oz^c^- We get a surjective mapping vr : 
Kq Oz,c, by letting 7r(/ [5]) := fg. Note that 7r(zi) = 0 for z = 1,... ,p, 
so we get a well-defined induced mapping ff : KQ/{\m.(fi) — Oz^c,- Clearly, 
TT is surjective since tt is surjective. Next, we claim that 

( 3 . 2 ) f[9] = [fg\ + '^'2‘i'nu 

for some r/j € z = 1,... ,p. To prove the claim, we first choose /3i such 
that zf* = 0 in Oz,q for z = 1,... ,p, which is possible by the Nullstellensatz. 
We then make a finite Taylor expansion of /, 

p 

o</3—1 i=l 


Using this Taylor expansion, in combination with the formula 


= 


+ 


k-l , k-2 

i “<■ 


Zi \ + ■ ■ ■ + 


..k-l 


)(Zi - [Zi]), 


and the fact that 


= 0 and fa{w) [g] = [faiw)g], we get that f[g] is of 
the form ([T^ . If 7f(X] fi [gi] e©) = 0, then X] figi = 0 in Oz^, and by ([ 32 ]), 

^ ^ fi \ 9 i\ 60 = 'y ^ ~ 4^191 


for some g = {gi,, g^) € Ki, i.e., Yh fi [9i] = 0 in coker (/)i, so fr is injective. 
We thus get that coker (/)i = 

It remains to see that {K,4>) is exact at levels k > 1. In order to prove 
this, we first prove that cfi is pointwise surjective outside of W := {zi = 
■ ■ ■ = Zp = 0}. If {z,w) kU, we can assume that, say, Zi 7 ^ 0. Then Zj is 
invertible, with inverse 


7. := E 


k=0 ^i 


k+1 


where the series is in fact a finite sum, since z^ = 0 in for k ^ 1 
by the Nullstellensatz. Then, 0 i(/[fi'] 7 iej) = /[( 7 ]e 0 , so cpi is surjective as a 
morphism of sheaves. Since the image is Kq, which is a vector bundle, it is 
also pointwise surjective. To conclude, cpi is pointwise surjective outside of 
W, i.e., C IT, where is the first BEF-variety associated to {K,(j)). 

We next prove that the complex is exact as a complex of sheaves at level 
k > 1 outside of IT. As above, if {z, w) is outside of IT, and, say, Zi ^ 0, 
and a € Kk is such that cfkCt = 0, then cpk+ii'^iGi A a) = (5z7i) A a = a, 
so the complex is exact as a complex of sheaves outside of IT. For a free 
resolution {E,ip), Z^^^ C Z^, for k > 1, see [El Corollary 20.12]. Hence, 
Z^ \W C Z^ \W = 4), i.e., Zjf CW iov k> 1. 
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To conclude, the complex {K, 4>) of length p is pointwise exact outside of 
IT, which has codimension p. Thus, it is exact as a complex of sheaves by 
the Buchsbaum-Eisenbud criterion, m Theorem 20.9], because codim > 
p > k and the pointwise exactness of {K, 4>) outside of W implies that 
rank = rank + rank (j)k+i- D 

In general, for C, G U \ Y, the universal free resolution of Oz^ is not 
minimal as a free resolution of Ox,c-™odules. To see this, note that Kq = A, 
so if Z has geometric multiplicity m > 1 near C, then rankc)_,^ ^ Kq = m > 1, 
while a minimal free resolution [E, p) of Oz^ would have rank^^ ^ Eq = 1. 

4. Proofs of Theorem O AND Theorem o 

A key part in the proof of Theorem ll.2l is to prove that the currents on the 
left-hand sides of (ll.lOp and (jl.lip are independent of the choice of locally 
free resolution {E, (p) of Oz and the choice of connections on Eq, ..., Ep. In 
fact, for future reference, we prove this more generally for free resolutions of 
finitely generated Ox.^-modules, as the proofs are the same in this situation. 

Lemma 4.1. Let G be a finitely generated Ox,^-'module of codimension p, 
and let {E,ip) and he Hermitian free resolutions ofG. Then, 

(4.1) tr(T>(/?i • • • DifpRp) = tic{Dfii ■ ■ ■ DfiipRp), 

where D is the connection on End(£' © E) induced by arbitrary connections 
on Eq, ... ,Ep and Eq, ..., Ep. 

Lemma 4.2. Let G, {E, p), (E, if) and D be as in Lemma \4.1[ and let rj and 
T be the natural surjections r] : Eq ^ coker ifi = G and r : Eq —coker ipi = 
G. Then 

(4.2) r]Difi ■ ■ ■ DiljpRpr]~^ = rDpi ■ ■ ■ DippRpT~^. 

Here and RpT~^ are defined as in the text preceding Theorem ll.2l 

Remark 4.3. In case rankEo = rank Eg = 1 these lemmas coincide. When 
G = Ox,c,l'Z, where X is a complete intersection ideal of codimension p, 
and (E, p) and (E, if) are Koszul complexes of two minimal sets of genera¬ 
tors of X, then (14. ip and (14.2p follows rather easily from the transformation 
law and duality principle for Coleff-Herrera products. This was a key ob¬ 
servation which allowed for global versions of the PoincarALelong formula 
(jl.7l) for locally complete intersections in |DPj . In order to prove Lemma f4.1l 
and Lemma [321 we use the comparison formula, Theorem 12.41 which is a 
generalization of the transformation law. 

The proofs of both of these lemmas use the following lemma. 

Lemma 4.4. Let {E,p) and {E,if) be complexes of free Oxp-modules, and 
let b : (E, p) —>■ (E, if) be a morphism of complexes. Let D be the connection 
on End(E©E) induced by connections on Ei,... ,Ep and Ei,... ,Ep. Then, 

(4.3) Difi ■ ■ ■ Difpbp = bQDpi... Dpp + ifia + fipp 

for a smooth Horn {Ep, Ei)-valued {p, 0)-form a and a smooth Horn (Ep_i, Eg)- 
valued {p,0)-form fi. 
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Proof. We claim that for any 1 < k < p, 

(4.4) Dfji ■ ■ ■ DifkhDpk+i ■ ■ ■ Dpp = 

Difi ■ ■ ■ D'lpk-ih-iDpk ■ ■ ■ Dpp + V’lOfc + hPp 

for a smooth Horn {Ep, Fi)-valued {p, 0)-form and a smooth Horn (Ep^i, Fq)- 
valued {p, 0)-form 13k■ By using this repeatedly for A: = p,..., 1, we get (|4.3I) . 

To prove the claim, we note first that since 6 is a morphism of complexes, 
'f’kh = h-iPk, and thus, 

(4.5) Df^kbk = D{f^kh) + i^kDbk = D{hk-iPk) + = 

Dbk-iPk + bk-iDifk + i’kDbk, 

where the signs depend on that b is an even mapping, while V’ is odd. 

We now replace Df^kbk in the first line of (j4.4ll by the expression in the 
second line of (14.5p . Note first that the term coming from the term bk-iDipk 
in the second line of (14.5p equals the first term of the second line of (j4.4l) . 

We consider next the term 

(4.6) Difi ■ ■ ■ D'lpk-iDbk-iPkDipk+i ■ ■ ■ Dtpp, 

coming from the term Dbk-iPk in the second line of (14.5p . Since = 0, 

we get by the Leibniz rule ()2.5I) and the fact that pi has odd degree that 
= Dipupi^i. Using this repeatedly for i = k,p — 1, we get that 
(SSI) equals 

Difi ■ ■ ■ D^pk-lDbk-lD^pkDipk+l ■ ■ ■ Dpp^ipp =: (3k(pp. 

Finally, we consider the term coming from the term xjjkDbk in the second 
line of (14.51) . By using that = 0 and the Leibniz rule, we get that 

= 'ifgDxl^g+i, and using this repeatedly we get that this term equals 

■ ■ ■ DifkDbkDpk+i ■ ■ ■ Dpp =■ 'f’lOik- 

To conclude, when replacing Dfjkbk in the first line of (14.41) by the last 
line of ()4.5p , we obtain three terms of the form as in the second line of ()4.4I) , 
and we have thus proved (14.411 . □ 

Proof of Lemma \4-l\ Since G has codimension p, it is Cohen-Macaulay out¬ 
side of a set of codimension p+1. Since both sides of (14.111 are pseudomero- 
morphic (p,p)-currents, it is by the dimension principle. Proposition 12.11 
enough to prove (14.11) where G is Cohen-Macaulay. We will thus assume for 
the remainder of the proof that G is Cohen-Macaulay. 

Let [H, T]) by any free resolution of G. Using (|2.13l) and (12.71) . we get that 
if f : Hp —7> Hi is any smooth morphism, then 

(4.7) tv{r]iCRp) = Etii^Rpm) = 0- 

We let a : {F, if) —>■ {E, p) and b : {E, ip) —>■ (F, fj) be morphisms of 
complexes extending the identity morphism on G, see Section 12.51 Then, 
boa: {F, f)) —>■ (F, f;) extends the identity morphism on G. Since the 
identity morphism on (F, fj) trivially also extends the identity morphism on 
G, we get by Proposition 12.31 that there exists sg : Eq Eg such that 

(4.8) Idpo = 6oao + V'l'So- 
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We let W = tr(L>'ipi ■ ■ ■ Di/;pRp). We then get by (|2.7I) and (|4.8I) that 

(4.9) W = ■ ■ ■ DippRp) = ■ ■ ■ DippRpboao), 

and by (I2.1,4jl . 

W = ti{aoDipi ■ ■ • DijjpRpbo). 

By the comparison formula ()2.10p . applied to 5 : (S, 99 ) —>■ and 

Lemma 12.51 

Rpbo = bpRp - iljp+ia^^^bpRp , 

where is smooth. Since Dipi ■ ■ ■ = 'ipiD'ip 2 • ■ ■ Di/'p+ii see the 

previous proof, we get that 

W = tr(aoL>V'i ‘ ‘ ‘ D^’pbpRp) — tr(aoV'ia'i2^), 

where a' is smooth. Thus, by Lemma 14.41 

(4.10) W = tr(aoboB(pi ■ ■ ■ B(PpRp ) +tr(ao'ipi(a + a')Rp) +tr(ao/3(PpRp}. 

The last term in the right-hand side of (|4.10ll vanishes by ()2.8p . In addition, 
since a is a morphism of complexes, aoi/’i = so the middle term in the 

right-hand side of (Id.lOp vanishes by p4.7p . Thus, only the first term in the 
right-hand side of (14.1011 remains, i.e., 

W = tr(aoboDipi ■ ■ ■ DippRp). 

From (|2.13p and (14.9p (with the roles of {E,ip) and reversed), we 

finally conclude that 

W = tr(D(pi---D(fipRp). 

□ 


Proof of Lemma If.Sj Since the currents in (021) are pseudomeromorphic 
(p,p)-currents, we may as in the previous proof assume that G is Cohen- 
Macaulay. In addition, it is enough to prove (j4.2p under the assumption 
that one of the free resolutions, say, {E,(p), has minimal length, p. We let 
a : {F, ijj) — {E, (p) and b : {E, (p) —> (T, f)) be morphisms of complexes 
extending the identity morphism on G. 

We claim that 

(4.11) RpV~^ = hpR^T-^. 

To see this, let g € Oz.C; let go be such that rgo = g- Then, by 
definition, 

(4.12) bpRpT~^g = bpRpgo, 

cf. the text right before Theorem ll.2l By (12.lip , the right-hand side of (I4.12p 
equals Rpbogo- Since b extends the identity morphism, gbogo = Tgo = g. 
Thus, Rpbogo equals by definition Rpr]~^g, which proves the claim. 

By gUD, 

(4.13) gDipi ■ ■ ■ DifpR^^r]~^ = gDifi ■ ■ ■ DfjpbpRp . 

By Lemma 14.41 the right-hand side of (I4.13P equals 

(4.14) gboDipi ■ • • D(ppRpT~^ + r]iljiaRpT~^ + gl3p>pRpT~^. 
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Since r/i/ji = 0, the second term in the right-hand side of ()4.14p vanishes, 
and the last term also vanishes by (12.81) . To conclude, using that rjbo = r, 
we thus get (|4.2I1 . □ 

By Lemma l4. II and Lemma 14.21 

ti^Dcpi ■ ■ ■ DifpRp) and rDcpi ■ ■ ■ DippRpT~^ 

only depend on G and not on the choice of free resolution (E, (p) of G and 
connection D. When rankLlo = 1; these currents coincide. If G = Oz, then 
there always exists a free resolution {F, ip) of Oz with rankTo = 1, and thus, 
we get that for any free resolution {E,ip) of Oz, 

(4.15) tT{Dipi ■ ■ ■ DifpRp) = rDfi ■ ■ ■ DfpRpT~^. 

Proof of Theorem \1.2l Note that by (|4.15l) . it is enough to prove (ll.lOp . 

Let W = Zj-ed- We first consider a point ^ G W^eg, and apply Lemma [3Tl 
We fix a neighbourhood V C X of f contained in the coordinate chart from 
Lemma [3T] such that W = {zi = ■■■ = Zp = 0} on V, and V r\W = U. We 
hrst prove that (ll.lOp holds on V. Note that on V, [Z] = m[zi = ■ ■ ■ = Zp = 
0], so we thus want to prove that 

{2Td)Pp\ = ■■■ = Zp = 0]. 

Lemma 4.5. Let <p ^ U \ Y, and let {K,4>) be the universal free resolution 
of Oz,( from Theorem \3.4\ Then 

(4.17) {2Td)Ppl ■ "^^P^p ) = "^[^1 = ■ ■ ■ = Zp = 0]. 

Taking this lemma for granted, using Lemma 14.11 and Theorem 13.41 we 
get that (|4.16l) holds on U \ Y. Both sides of (|4.16l) have their support on 
VnW = U, so (I4.16P holds in fact on l/\y. Since T is a hypersurface of W, 
and W has codimension pinV ,Y has codimension p-\- 1 in V. As both sides 
of (|4.16l) are pseudomeromorphic (p,p)-currents on V which coincide outside 
of Y, (I4.16P holds on all of V by the dimension principle. Proposition 12.11 
We have thus proven that any point ^ G Wreg has a neighbourhood such 
that (jl.lUp holds, and since both sides of (|1.1U1) have support on W, (ll.lUp 
holds outside of BL ing . Both sides of (|1.10p are pseudomeromorphic {p,p)- 
currents on X, and VLsing has codimension > p -|- 1 in A, so we get by the 
dimension principle that (jl.lUp holds on all of A. □ 


Proof of Lemma EH We here use the notation from Section [3l and we let 
ei,..., Cp be the standard basis for A®p over A. Note that over Ox,i^, 


has the basis e/, where i = 1,..., m and / C {1,... ,p}, |/| = k. Since 

by Lemma ITTl the left-hand side of (14.17P is independent of the choice of 
connection, we assume that D is trivial with respect to these bases. 

In order to prove (|4.171) . we first write out the left-hand side as 


(4.18) 


m 

tTc{D(j)i ■ ■ ■ DcppRp) = ^( [^“* 


e0)*D0i • • • DcfpR^ 



60 , 
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where ( 2 ;“' 60 )*,..., ([ 2 ;“"] 60 )* is the dual basis of the basis 12 ;“ I 60 , 
oiKo. 

We will use the comparison formula, Theorem l2.4l to compute the currents 
2 ;"* 60 appearing in the sum in the right-hand side of (j4.18D . First of 

all, by the Nullstellensatz, there exist /3i such that 2 ;f* ^ J for i = 1,... ,p. 
Throughout this proof, we will let /3i,... ,/3p denote such a choice. We let 
61 ,..., Cp be the standard basis of oSfc over Ox,c,- We let (T,V') be the 

Koszul complex over Ox,c, of tbe tuple ( 2 ;^^,... ,Zp^), and we let Z be the 
ideal generated by this tuple. 

Since X is contained in J^ there exists a morphism c : {K,(f>) 

extending the natural surjection Ox,c,l'^ ^z,c,i see Proposition 12.31 We 
will construct explicitly such a morphism c. We let Cfc be the map Lk = 
f\^ induced by the map ci : —)• 

Cl : 6* ^ [z]] 6i, 

7=0 

i.e., Ck is defined by 

Cfc : 6^ A • • • A i-A ci(eij A • • • A ci(ejj. 

Here, cq : Tq —>■ Kq is to be interpreted as 60 i-A [1] 60 . It is straightforward 
to check that c is a morphism of complexes extending the natural surjection 
Ox^c^jZ Oz^c^ by using the formula 

//3.-1 

- fe]) Z] 


7=1 


= 4' [1] - 


= 4' w 


where the last equality comes from that z^-^ = 0 in Oz^c^- 


We now hx some i € {1,... , m}, and let c := ( 
(i.e., c equals c composed with multiplication with 


c) : (L,V') ^ (K,(/>) 
This is clearly a 


morphism of complexes, with 60 ( 60 ) = 
formula, (| 2 . 11 |) . for c, 

yK 


60 . Thus, using the comparison 


Ri 


— 


CpRp. 


Applying this to each term in the sum in (|4.18p , we get that 


ir{D(pi ■ ■ ■ D(j)pRp) = 


D(pi ■ ■ ■ D(j)pR 


K 

'pJ- 


606060 


E"0 


T)(/)i • • • D(l)p 


CpRp 60. 


We write the map Cp as 
where 


Cp : 6{i_,,, p} i-A H A e{i... p}, 

«= E 


^/3-7-1 r^71 
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and B commute, being elements of A, we get that 


tr(D^i ■ ■ ■ D(j)pR^) = ^ 


D(^i • • • D(l)pB 




We let B be the form-valued Ox^^Auieax map A ^ A given by 

B := elD<j)i ■ ■ ■ 

commute, and that e^i^ pj and 


Using that and 
we then get that 

tT:{Dcj)i • • • Dcj)pRp) = ^ 

Note that by (jl.SD and (I2.3p . 


commute. 


B 






A d- 


.01' 


Moreover, in view of the Poincare-Lelong formula dLZI), note that 


(- 1 )^ 


^ ^dzi A ■ • • A dzp A d-^ A ■ ■ ■ A d-^ = [zi = ■ ■ ■ = Zp = Q]. 


{2TTi)P 


Thus, from Lemma 14.61 below, we conclude that (|4.17l) holds. 


□ 


Lemma 4.6. Let B be as in the proof of Lemma 4-5. Then 

(4.19) tr B = p\mz^~^dzi A ■ ■ ■ A dzp. 

Proof. As (fk is contraction with zici ZpOp, and D is assumed to 

be trivial with respect to the bases z"* ej, we get in the same way as in 
Example 12.21 that 

elDcfi ■ ■ ■ Dcfpe^i^^^^^py = plDzi • • • Dzp. 

Since Zj = Zj — [zj], we thus get that i? is a sum of terms of the form 

(4.20) ± dzi A {D [zjJ) ■■■{D [zj,])zf^-^-^ [z^] , 

where |/| + | J| = p, and / U J = {1,... ,p}. 

We claim that the traces of all such terms are zero, unless | J| = 0 and 7 = 


0. Recall from Remark 13.31 that, in the basis of A given by 




the matrix for multiplication with any monomial [z*^] is upper triangular, 
and in addition, it will have zeros on the diagonal if and only if <5 7 ^ 0. Thus, 
the matrix of each D [zjJ is a (form-valued) upper triangular matrix with 
zeros on the diagonal, since D is assumed to be trivial with respect to the 
bases z“* ej. Since [z'^] is also upper-triangular, the full product (|4.2np is 

upper-triangular, and with zeros on the diagonal if | J| > 0 or 7 7 ^ 0. Thus, 
the trace is zero in case | J| > 0 or 7 7 ^ 0 , which proves the claim. 

To conclude, 

tr R = p\dzi A • • • A dZpZ^~^ tr [1], 

and since tr [ 1 ] = ranko^^ ^ A = m, we obtain (14.191) . □ 
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Proof of Theorem \1.5[ We let be the part of the fundamental cycle 

[Z] of codimension k, i.e., [Z]\^^ = where the sum is over the 

irreducible components Zi of Z^^d of codimension k, and nii is the geometric 
multiplicity of Zi in Z. Thus, 

[Z] = Y^[Z]ik], 

k 

and it is enough to prove that 

(4.21) ’ 

for k = codimZ, ... ,N. Let 14 = 114 H then 14 has codimen¬ 

sion > k + 1. Note that both sides of ()4.2ip have support on Wk, and that 
Z has pure codimension k on 114 \ 14- Thus, (|4.2ip holds on X \ 14 by 
Theorem 11.11 Since codim 14 > ^ + 1 and both sides of (I4.2ip are pseu- 
domeromorphic {k, /c)-currents, ()4.21l) holds everywhere by the dimension 
principle. Proposition 12.11 □ 

Remark 4.7. By analogous arguments we can prove (|1.13l) . First 

1 1 

• • • DPkR[k]) = • • • D^kR[k]r-^ = [Z\k], 

holds on X \ 14 by Theorem 11.21 and thus it holds everywhere by the dimen¬ 
sion principle. 


5. Examples of higher degree gurrents 


We will start by illustrating Theorem 11.51 by explicitly computing the 
left-hand side of (|1.12l) in the situation of Example 11.41 


Example 5.1. Let Z be as in Example 11.41 Then Oz has a (minimal) free 
resolution 

0 ^ Oc3 ^ 0®2 Li 0C3, 

where 

{P2} = 

Let D be (induced by) the trivial connections on Eq = Oc3) Ri = and 
E 2 = Oc3 • In |Lal] , the current = i?f -|- Rf was computed explicitly: 


and { 991 } = [ xz yz ] . 


{Rf} 

{R^ 


|xp -7 |?/|2 


y 


d- 

z 


1-1 -1 -( \ -y X ] 

-5-A 5-+ 9 ,/ , J 

z y X \ |xp -|- 


1 

X 

/ \xf‘ + |yp 

. y . 


Aa- 

2 : 


-9-a5- + 

z y X 


Note that the irreducible components Z\ := { 2 ; = 0} and Z^ '■= {x = y = 
0} of Z are of codimension 1 and 2, respectively; thus = Iz^R^ for 
A: = 1,2. Since has support on Z\ it follows that = Rf. Note that 
outside the origin {x = y = 2 = 0} /r is of the form a A 5(1/2), where a is 
smooth. Since 1^25(1/2) = 0 by the dimension principle. Proposition 12.11 
it follows that Izj/a has support at the origin, and thus IzjA* = 0 by the 
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dimension principle. Hence = lz 2 {-^ 2 '} = {^/ A(9(l/x). It 

follows that 


{D^iRf^} = - [ d{xz) d{yz) ] A j 


y -1 -1 

-i—12- \2 ^ ^ ~ ^ ~ 2TTi[z = 0] = 27ri[Zi] 

\x\ + |y| .s z 

and 


X 

y 


z 


{Dy^iDip2Rf2^} 

— z'ydx dy ] 


-dy 

dx 


[ d{xz) d{yz) 
A-a-AS- = 

z y X 


A 


-dy 

dx 


A-a-A 5- = 

z y X 


—2dyAdxAcl-A9— = 2!(27ri)^[Z2], 
y X 


which proves (|1.12|) in this case. Here we have used the notation from 
Section lTBl fand identified a (1 x l)-matrix [a] with the entry a); in particular, 
the signs are explained by (I2.12p . 


It would be interesting to consider the full currents 
(5.1) Dipi ■ ■ ■ DipkRf 

(and not only Dipi ■ ■ ■ DipkR^^) and investigate whether these capture al¬ 
gebraic or geometric information (in addition to the fundamental cycle). 
If {E, ip) is the Koszul complex of a holomorphic tuple / it was shown in 
[ASKWY] that the currents (j5.1ll satisfy a generalized King’s formula, gen¬ 
eralizing (|1.9I1 : in particular, the belong numbers are the so-called Segre 
numbers of the ideal generated by /. 

We should remark that in the above example we do not know how to 
interpret the current DipiDip 2 R 2 or rather the part DipiDip 2 y. Below, 
however, we will consider an example where DipiDip 2 R 2 is a current of 
integration along the (only) associated prime of codimension 2. For an ideal 
J' over a local ring R, there is a notion of the length along an associated 
prime p, defined as the length of the largest ideal in Rp/ JRp of finite length, 
see for example for example |EH[ Sect. H.3, p. 68]. The length of J along 
p coincides with the geometric multiplicity of jr(p) in ^7 if p is a minimal 
associated prime of J. It would be interesting to see whether these numbers 
could be recovered from the currents (|5.ip . However, in view of the example 
below this does not seem possible. 


Example 5.2. Let Z be as in Example 11.31 Then 


0 Oq2 


^ ^ Oc. 




where 


{ 72 } 


—X 

„,k—m 


and {(^ 1 } = [ y^ ] , 


is a free resolution of Oz- Note that, since only has one irreducible 
component {y = 0} of codimension 1, = 0. 
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Let D be (induced by) the trivial connections on Eq = 
and E 2 = 0^2. Then a direct computation yields 

{D(piDip 2 } = —i{2k — m)x^~^y^~^dx A dy =: —Cx^~^y^~^dx A dy, 

where, as above, we have used the notation from Section 12.61 Next, let 
(F, ijj) be the Koszul complex of {y, x) and let ao : Eq ^ Eq be given by 
{oo} = [x^~^y^~^]- Then {Ff'} = 9(l/x) A d{l/y) and oq can be extended 
to a morphism of complexes a : {E, ip) —>■ [E, ip), where 

x^~^ 0 

0 • 

If we apply the comparison formula, ( 1221 ), and identify the components that 
takes values in Horn (Fq, E 2 ) we get that 

Ff oo - 02^^ = v^sMs - dM2. 

Note that M 3 = 0 since (F, (p) has length 2. Moreover recall that M 2 = 
R{a 2 aiai). Since erf' and af both are smooth outside V := {x = y = 0} it 
follows that suppM 2 C V. Since M 2 has bidegree (0,1) it vanishes by the 
dimension principle. Hence Ff'ao = 02 ^^^. Thus, we get that 

{DpiDp2R2'\ — —Cx^~^y^~^dx A dyPR^} = —Cdx A dylR^ao} = 

— Cdx A dy{a 2 Ff'} = —Cdx A dy A B— A B- = (27rz)^C'[0], 

X y 

cf. (I2T2D . 

We conclude that 

DP 1 DP 2 R 2 = {2Tri)‘^i{2k — m)[ 0 ], 

i.e., DP 1 DP 2 R 2 is the current of integration along the (only) associated 
prime 111 ^ 2^0 = J{x,y) of J with mass {2'Ki)'^l{2k — m). 

We claim that the length of Jq along mc 2 g equals i{k — m). To see 
this note first that if 0 is an ideal in 0£2 q/Jq not contained in C 

0^2 0 , then there exists some holomorphic function p{x,y) ^ 0 in a that is 
a polynomial of degree < m in y. Thus 

■■■ EJ {Mp{x, y)) C J {M-^p{x, y)) C • • • C j{xp{x, y)) C J [p{x, y)) C a 

is a infinite chain of ideals. Therefore any ideal of finite length must be 
contained in J{y'^). Since J{y^){0:^2 q/Jq) = 0^2 a^^) it follows 

that jL(y™') has length £{k — m), which proves the claim. 

6. Relation to the results of Lejeune-Jalabert 

Our results are closely related to results by Lejeune-Jalabert, |LJ11ILJ2] . 
and we will in this section compare our results with hers. 

Throughout this section, we let Z be a (not necessarily reduced) analytic 
space of dimension n. Assume that Z is a subspace of codimension p of the 
complex manifold X of dimension N = n + p, and let Z be defined by the 
ideal sheaf C Ox- 


{ 02 } = [ 1 ] and {oi} = 
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6.1. The Grothendieck dualizing sheaf and residue currents. If Z is 

Cohen-Macaulay, then the Grothendieck dualizing sheaf uoz is 

where is the sheaf of holomorphic A^-forms on X. If Z is smooth, then 
uz coincides with £lz- 

We consider two different ways of realizing ujz'- The first one is to take a 
locally free resolution {E,(p) of Oz, apply 'Hom{»,Q^) and take cohomol¬ 
ogy, i.e., 

uz = HP{'HomiE„n^)), 

so sections of loz can locally be represented as equivalence classes of sections 
of morphisms Ep —)• 

One can also realize coz by taking the Dolbeault complex of 

(X, •)-currents on X, apply 'Hom{Oz,*) and take cohomology, i.e., 

ujz = HP{nom{Oz,C^n), 

see for example [A4[ Theorem 1.5]. Using this representation of ujz, sections 
can thus be identified with equivalence classes of d-closed (X, p)-currents 
annihilated by X. By [A4[ Theorem 1.5 and Example 1], the isomorphism 


(6.1) res : RP {nom {E„n^)) 4 RP {Rom{Oz,C^'*)) 


between the different realizations of eoz can be realized concretely by the 
residue curren1@ i?®: 


( 6 . 2 ) 


res : [^] !->■ 


(27ri)P 




where r is the natural surjection t : Eq ^ coker Lpi = Oz and we consider 
f^RpT~^ as a scalar current in a similar way as in the introduction. 


6.2. Coleff-Herrera currents. A (g,p)-current /r on X is a Coleff-Rerrera 
current on Zred, denoted fi G if d/i = 0, = 0 for all holomorphic 

functions vanishing on Zj-ed, and fi has the SEP with respect to Zred, he., for 
any hypersurface V of Zred, tbe limit lyfi '■= lime_j.o+(l — xi\f\/^))h exists 
and ly/i = 0, where / is a tuple of holomorphic functions defining V. This 
description of Coleff-Herrera currents is due to Bjork, see |Bll Chapter 3], 
and |B2l Section 6.2]. 

Let / = (fi,, fp) G Ox be a tuple of holomorphic functions defining 
a complete intersection of codimension p. Then, the basic example of a 
Coleff-Herrera current on Zred is the Coleff-Herrera product of /, = 

8(1/fp) A • • • A(9(1//i). Clearly, Bp,^ = 0. In addition, ph has the SEP with 
respect to Zred, and f^p^ =0 for all holomorphic functions vanishing on 
Zred “ two properties which holds for all pseudomeromorphic currents {*,p)- 
currents with support on Zred- The first property follows from the dimension 
principle, Proposition 12.11 and the second is |AW2[ Proposition 2.3]. 

More generally, let G he a coherent sheaf of codimension p with a lo¬ 
cally free resolution [E, (p) of length p (so that in particular, G is Cohen- 
Macaulay). Then Rp is a Horn (Eg, Xp)-valued Coleff-Herrera current on 


®We have introduced the factor l/(27ri)^ for normalization reasons. 
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V := supp^. To see this, note first that, by the V-closedness of and 
the fact that E has length p, dRp = (pp^iRp_^_i = 0. The other two prop¬ 
erties follow as above since Rp is a pseudomeromorphic ( 0 ,p)-current with 
support on V. 

We let ) d) denote the Dolbeault complex of {N, *)-currents on X 

with support on Zred- It was proven in |DS 1 | (for Zred a complete intersec¬ 
tion) and |DS2[ Proposition 5.2] (for arbitrary of pure dimension) that 
Coleff-Herrera currents are canonical representatives in moderate cohomol¬ 
ogy in the sense that 


ker d : , 

[■^redj 




'[Zied] J 


^cn 


N 

^red 




i.e., each cohomology class in has a unique representative which 

is a Coleff-Herrera current. In particular. 


(6.3) 


cn 


N 

^red 


n 


^im d : C 


N,p—1 

[■^red] 


-^C 


N,p 

[^red] 


{ 0 }. 


6.3. Relation to the results in |LJ1] . In this section, we discuss how 
the results of Lejeune-Jalabert give our results and vice versa. The main 
point is to describe how the result of [LJlj give the following special case of 
Theorem 11.21 

Theorem 6.1. Let Z X he an analytic space of pure codimension p which 
is Cohen-Macaulay. Assume that Oz has a locally free resolution {E,ip) over 
Ox of length p, and let D be the connection on Endill induced by connections 


on Eq, .. 

. ,Ep. Then, 



(6.4) 


• • • DippR^) 

= 1^1, 

and 




(6.5) 

(27ri)Pp!^^‘^^ 

' DppRpT~^ 

= [^], 


where r is the natural surjection t : Eq ^ coker (/?i = Oz- 

In order to prove Theorem 11.21 in full generality, without assuming that 
Z is Cohen-Macaulay or that {E, p) has length p, one can then argue in the 
same way as in our proof of Theorem 11.21 but using Theorem 16.11 instead 
of Lemma 14.51 Indeed, first of all, by (I4.15D . it is sufficient to prove just 
(jl.lUp . By combining Lemma [4. II and Theorem 16.11 we first obtain (|l.lUp in 
a neighbourhood of each Cohen-Macaulay point. By the dimension principle, 
(jl.lUp then holds on all of X. 

In [LTT| . the fundamental class of Z is considered as a map cz : —>■ uz, 

where is the sheaf of holomorphic n-forms on Z. 

If a is a section of and d is a section of , which is a representative 
of a, then 'y := a A rDpi ■ ■ ■ Dpp is a section of Rom {Ep, (g) Oz)- Since 
{E, (fi) has length p, 7 induces a section [ 7 ] of £xE{Oz, Llx ® Oz). We now 
consider the isomorphism 

( 6 . 6 ) ujz = £xtP{Oz, ^ £xtPiOz, £lx ® Oz) 
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induced by the surjection see |ALJl Proposition 4.6]. Since 

Ep is locally free, 7 can locally be lifted to sections 7 ^ of 'Horn {Ep,Q^). 
Since {E, ip) has length p, these local liftings of 7 define sections [ 7 ,] of loz 
locally. On overlaps, the y^’s differ by sections of Hom(£'p,0^) (g) J', and 
since J'loz = 0 , the sections [ 7 *] patch together to a global section of uz, 
which we denote by [aArDipi ■ ■ ■ Dipp]. By construction, [aArDipi ■ ■ ■ Dipp] 
maps to [ 7 ] using the isomorphism (16.6]) . The main theorem in |LJlj asserts 
that this gives the fundamental class of a (times p\), i.e., 

(6.7) cz{a) = ^[a ArDipi-■ ■ Dtpp]. 

p\ 

Note that where the local lifting 7 * of [aArDipi ■ ■ ■ Dipp] is defined, jiRp 
coincides with 'jRp = a A rDipi ■ ■ ■ Dp>pRp (if we consider the currents 
as scalar currents). Thus combining (]6.7I1 with the realization (]6.2p of the 
isomorphism (] 6 . 1 I 1 . we get that 

( 6 . 8 ) res cz{a) = ^ d A rDcpi ■ ■ ■ D(ppRpT~^ + d'Hom {Oz,C^’^~^)- 

[ZTTljPp'. ^ 

It is not entirely clear to us how the fundamental class is defined in |LJlj , 
but it is reasonable to assume that if one uses the isomorphism (16.11) to 
represent cz{a) as a current, then one should have 

(6.9) vesczia) = a A [Z], 

where we by [Z] mean the fundamental cycle (seen as a current on X) as 
defined in (II.3p . 

Assuming (16.9p . (| 6 . 8 p then implies that 

^ " (2^^“^'"^'^' ■ ■ ■ ^ ^ ^ ^Ed]) • 

By Lemma 14.21 rDipi ■ ■ ■ DippRpT~^ is independent of the connection D, 
and we can thus assume that D is the trivial connection d in a trivializa- 
tion of E. Then Dipi ■ ■ ■ Dipp is a holomorphic Horn (Lip, illo)-valued mor¬ 
phism, and thus, since Rp is a Horn (LIq)-£' p)-valued Coleff-Herrera current, 
rDpi ■ ■ ■ DppRpT~^ G Hence, p G so by ()6.3I) . /r = 0. Since 

p = 0 for any choice of the holomorphic p-form d on A, we get that (16.51) 
holds. Finally, using (|4.15p . we get that (16.41) holds. To conclude, assuming 
dejl), Theorem 16.11 follows from the theorem in [LJI]. 

On the other hand, Theorem 16.II together with (|6.9p implies (| 6 . 8 I) . which 
in turn implies (|6.7p since (|6.2I) is an isomorphism. Thus, Lejeune-Jalabert’s 
result follows from Theorem 16.II and (|6.9p . Finally, taking Theorem 16.II and 
Lejeune-Jalabert’s result for granted, it follows that (|6.9p must be a correct 
assumption. 
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